PERGAMON

Available online at www.sciencedirect.com

sclzncs@mnsc-m

International Journal of Heat and Mass Transfer 46 (2003) 4899-4909

International Journal of

I"EAT and MASS
TRANSFER

www.elsevier.com/locate/ijhmt

Theoretical and numerical analysis of convective heat
transfer in the rotating helical pipes

Huajun Chen *, Benzhao Zhang, Jianfeng Ma

Department of Mechanics, Zhejiang University, Hangzhou 310027, PR China
Received 2 October 2002; received in revised form 12 March 2003

Abstract

In terms of the tensor analysis technique, the relative N-S equations and the energy equation in a rotating helical
coordinate system are presented in this paper. Convective heat transfer in the rotating helical pipes with circular cross-
section is investigated employing theoretical and numerical method. A perturbation solution up to the secondary order
is obtained for a small Dean number. Variations of the temperature distribution with the force ratio (the ratio of the
Coriolis force to the centrifugal force), the curvature and the torsion are discussed in detail. Present studies also show
the natures of the Nusselt number, as well as the effects of the force ratio, the curvature, and the torsion. This study
explores many new characteristics of convective heat transfer in the rotating helical pipes and covers wide ranges of

parameters.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Since the initial work by Dean [1,2], the flow and heat
transfer through a curved duct has attracted more and
more attention not only because of its practical impor-
tance in various industrial applications, but also because
of physically interesting phenomena under the action of
centrifugal force caused by curvature of the pipe. Ex-
cellent surveys have been given by [3-6].

When a pipe rotates about an axis normal to a plane
including the pipe, the Coriolis force could also con-
tribute to the generation of secondary flow and the heat
transfer becomes more complicated. Such rotating pipes
have extensive applications, such as the cooling systems
for conductors of electric generator motors, gas tur-
bines, separation processes. The nature of the flow and
heat transfer in rotating pipes is affected by the inter-
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action of the imposed pressure-driven axial flow, the
system rotation and the geometrical structure of the
pipe. This interaction causes the fluid flow and heat
transfer performance in a rotating pipe to be drastically
different from those in a stationary case.

As an interesting problem, the combined effects of
curvature and rotation, which are relevant to the flow in
rotating curved pipes, were examined detailedly by nu-
merous researchers [7-19]. Although the flow and heat
transfer in the rotating curved pipes have been well
studied, the helical pipes with rotation still receive rela-
tively scant attention. To enhance the heat and mass
transfer, the helical pipes with a finite pitch were used
extensively in various industrial applications. Important
characteristics include, in addition to high heat and mass
transfer rate, enhanced cross-sectional mixing, low axial
dispersion and an extended laminar flow. The previous
works on the helical pipes were mainly focused on the
stationary case, such as [20-24]. By the author’s
knowledge, no paper was published in the open litera-
ture for both theoretically and numerically studying the
convective heat transfer in a rotating helical pipe.
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Nomenclature

d diameter of the helical pipe

e, e, e, unit base vectors of the cylindrical co-
ordinate system

Dn Dean number, Dn = Rex!'/?

F ratio of the Coriolis force to the centrifugal
force, F = 1/kRo

K pitch of the helical pipe

Nu Nusselt number

p pressure

P modified pressure, P = p — Q*p(R — rcos )’/
2 — @ p(rsin fsin0)*/2

Pr Prandtl number, Pr = v/a

R curvature radius

Re Reynolds number, Re = wyd/v

Ro Rossby number, Ro = wy,/Qd cos f§

r radial direction coordinates

s axial direction coordinates

T,N,B tangent, normal and binormal unit vector of
the helix

T, T, temperature of fluid and the wall

u, v, w physical velocity components

Vv vector of velocity
Wi mean value of axial velocity on the cross-
section

Greek symbols

o thermal diffusivity

p the slope between the helix and the hori-
zontal plane

v kinematic viscosity of fluid

K curvature

T torsion

Q rotating angular velocity

0 angular coordinate

o density of the fluid

V] stream function

Subscripts and superscripts

* dimensionless variable
max maximum value

- average value

Our emphasis in this paper is placed on the coupled
effects of curvature, torsion and rotation on the
convective heat transfer. It is assumed that the fluid flow
is steady, laminar, hydrodynamically and thermally fully
developed, and, the wall heat flux and the peripheral
wall temperature are both uniform. The fully developed
convective heat transfer in a rotating helical pipe is ex-
amined by employing perturbation method and finite
volume method. A wide range of parameters is covered
in this work. Three important aspects of convective heat
transfer will be studied in detail: temperature distribu-
tion, the distributions of peripheral Nusselt number and
Nusselt number ratio.

2. The governing equations

Fig. 1 shows the rotating helical and the rotating
helical coordinate system and the helix s, which is the
centerline of the helical pipe, in a coordinate system
(r*,¥,z). R is the radius of the helix and 27K is the
pitch. e, e., e, are the unit base vectors of the cylin-
drical coordinate system. Then ds = vR?> + K?d6f and
the curvature k and torsion t are obtained as

R K

TRk TTRiK

The radius vector of an arbitrary point o along the
helix is expressed as

Fig. 1. The rotating helical and the rotating helical coordinate
system.

¥, = Re, () + K0e,

The tangent unit vector 7, normal unit vector N, and
the binormal unit vector B of the helix are

T=v, Nzlrz7 B=TxN
K
The Frenet formulas are
T'=xN, N =tB—«xT, B =—1N
And T, N, and B are given as
T(s) = cos fey(s) + sin fez
N(s) = —eq(s)
B(s) = —sin fey (s) + cos fe.
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where
5 K in T
oS =————, sinf=———
NI VK2 + 12

A polar coordinate system (r,0) in plane (N, B) is
defined, and radius vector r. at an arbitrary point c is

re(s) = r,(s) + rcos ON(s) 4 rsin 0B(s)

Assume the helix s is rotating around OZ axial with a
constant angular velocity Q, or

Q = Qe,

Accordingly, the Coriolis acceleration and the relative
acceleration are

a.=20xV
= (2Qwcos i — 2QVy sin f)N — 2QUy cos fT
+2QUy sin B
ae:%xrc-i-ﬂx (Qxr,)

1 . .
= Q*(R—rcosO)N + Eersm 2psin 0T
— @rsinOsin® BB

where Uy = ucos0 —vsinf, Vz = usin0 +wvcosl, u, v,
w are the physical velocity components of the radial,
tangential and axial directions, respectively.

In terms of tensor analysis technique, assuming an
incompressible, steady, and fully developed flow, the
governing equations in (s, r, 0) (see Fig. 1) are

6u+1@7i67w 17Kc0s0 qu;csin@v_o
or rofd M 00 r M M -
(1)
67u+2%72%7v72+}€0080 2
"o Tra0 M0 T M
opP .
= 2Q(wcos O cos f — vsin f) + (AV)' (2)
o, 2o b w ksinf ,
M@r rofd Mo0 r M W
__t %qL 2Q(wsin O cos f — usin f) + (AV)*  (3)
= r 0 v "
a_w_‘_E@_w_ﬂ@_w_Kcoso K sin 0
“or Tre0 maoo T wm T Twm ™
1 oP OP . 3
=M (T@_6_s> +2Q(ucos — vsin0) + (AV)
4)
or  vor wdl  wor
“or Tro0 T M0 M os
L[ETL (1 RN (1 keoso)ar
T o2 2 M?) o0 r M or
ksinO oT
- Mr @] )

where & and & are the constants, and
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and

KT2r

KM
A=——sinf) ——sinf
M Sin - Sin

2
C:%sinOcosO—Q—msinO, B:gsinO

2

D= —% sin 0 + ktcos0, M =1—krcosl
@ 2 i : in )2

P:p—jp(R—rCOS()) —Tp(rsmﬁsm0)

Introduce the following dimensionless variables to
obtain dimensionless equations,

s**f r**z w"*l u**ﬂ
_d7 - ki _Wm7 - v
d Pd?
0*2%7 "=, K =xd, Dn=ReVk
R _ Wnd d T*,(waT) v
Ty T ~ PrdOT/0s’ -
Q*:Q_dz7 R W = 1
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When Q" > 0, the rotation has the same direction
with the axial velocity (co-rotation), Q" < 0 indicates the
rotation and the axial velocity are in the opposite di-
rections (counter-rotation).

The secondary stream function ¥ is given as

1oy o
~ 30 = Mu, e Mv — Gnrw (6)

The boundary conditions:

3. Perturbation solutions for small Dean number

For a small Dean number, Eqgs. (1)-(5) can be solved
by the perturbation method. Assuming §=¢ < I,
3 = /¢ < 1. Both of the curvature x and torsion 7 then
can be used as perturbation parameters. The axial
velocity w, the secondary stream function i and the
temperature can be expressed as follows:

Rew = 2(Wy(#,0) 4 e (7, 0) + Wy (7, 0) + - - )

= e (7,0) + & (7, 0) + - - ®)
T= To(fve) +9T1(f79) +82@(f79) +

where 7 = 2r. Substituting Eqgs. (6) and (8) into the
governing equations (1)—(5), and collecting the coeffi-
cient of the same order of ¢, one can obtain the three sets
of partial differential equations. Solve the equations with
the boundary conditions (7), one can get the second
order solutions of the flow in a rotating helical circular

pipe as

1
W =5 (1-2)G (9a)
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i=0 j=1 k=0
where G = -2 Q= e and the coefficients 4, A ,
ijlk) , ijk are integral constants. And finally, the zero-,

first-, and second-order temperature are derived as

N N 1 . .
Ty =—#G— =GP +-—==G (10a)



H. Chen et al. | International Journal of Heat and Mass Transfer 46 (2003) 4899-4909 4903

A 1
T = N § P 2 -
! (8847 360 1474560

L e I seg L om
0 PO Pr
BT U Te U 737280’ G

|
A7 "Pr A3 2
+TToeas’ ¢ Pt a5’ 60 884736

| 1
3A3 A A1 A3
73728G Pr+48rG+88473600r G

3 19
PG+ PG+

1 A7 A3
" 44236800 5898240 1179648"
103 . 47 .

_ o A2
176947207 1" G

1
- GZ A3Q
12288 ~ 245760

JUNA 5 19 -
7 A2 22550pr
_._36864”GQ 73728G @ +384 ro

. | | .
7 3 P53 29 A3
128" ¢~ aa2368" 9 ~ 5898240’ ©

3 e QPr) cos 0 (10b)

PGQ

G3 55

PG QP

81920 2

\y

C r2k+1 G4 AP’A]QI
1

s

Il
o
=~
I

T, = Asin6

/N

J

+ G

M_
- 07

D,jf2f+1Pri> + cos(20)

~
I

o
|

i+

~.

MN

("‘) A7sz/ 1+IQ P

- =

=
I

-
o
o
1
y
]

X
0 WMN
o

+ F;j;:t ;,2k+1G3j—i—1f2iPrm (100)
i=0 j=1 k=0 m=0

-

where Cyy, Dy, E”'Z), Fliz , E; are the integral constants.

4. Numerical procedure

In present work, the finite-volume method is chosen
to solve the governing equations. The power-law scheme
is adopted to discretize the convection term and the
SIMPLE scheme is employed to deal with the problem
of velocity—pressure coupling. The mesh system is stag-
gered and an alternating direction line by line iterative
method (ADI) with block correction technique is used to
solve the discretized equations. The description of the
numerical implementation can be found, for example
from Patankar’s work [25].

For a given Dn, an iterative procedure should be
applied to obtain a specific value of axial pressure gra-
dient —0P/0s. A value of —0P/0s is first guessed and the
obtained flow rate is compared with the given flow rate.
If the former is smaller (or larger) than the latter, we
should increase (or decrease) —OP/Os until the two flow
rates almost reach a same value. The convergence cri-
terion is |(¢™' — ¢")/¢"| < 1077

A uniform grid mesh system is employed in the whole
cross-section because the boundary layers exist not only

Table 1
Grid test (Dn = 100, k = 0.1, 7 = 0.1)
F  Grid JRe Tax Nu/Nu,
0 12x32 22.2092 17.6438 1.6176
22x42 22.0528 18.3333 1.5793
22x62 22.0544 18.3352 1.5792
32%62 22.0559 18.3899 1.5753
5 12x32 31.5932 13.9567 2.3349
22x42 31.0669 14.6506 2.1572
32%62 31.0657 14.6581 2.1558
32%62 31.0518 14.6789 2.1544
-5 12x32 28.7410 15.8314 2.0435
22x42 28.3097 16.1975 1.9431
2262 28.3105 16.1999 1.9411
32%62 28.2593 16.2144 1.9516

near the wall but also at the dividing boundary of the
secondary flow. Four pairs of grid sizes (r x 0 = M x N)
were used to check the grid dependence, and associated
comparisons are shown in the Table 1. 22x42 is chosen
as reasonable grid size for the flow in rotating helical
circular pipes. For a high Dean number (Dn > 500),
32x62 is employed to satisfy precision.

For the rotating cases, comparisons are made with
the available results [12]. The Nusselt number ratio ob-
tained by present numerical method as well as available
results are shown in Fig. 2. For the small Dean number
(Dn = 100), the numerical curves almost has very good
agreement with that of Ishigaki [12], but for a large
Dean number (Dn = 500), their differences become sig-
nificant, perhaps Ishigaki [12] did not take the effect of
high order terms of curvature into account. Meanwhile,
some comparisons between the numerical solution and
the perturbation solution are also made and two solu-
tions confirm each other very well.

10
Presentwork: vww Pr=7
- AAA Pr=0.7
Ishigaki (1999): ----- Pr=7
8 r — Pr=0.7 v

Fig. 2. Comparison with available results (x = 0.02).
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5. Results and discussions

In a rotating helical pipe, the presence of centrifugal
and Coriolis forces cause two kinds of secondary flows in
the cross-section perpendicular to the axial velocity. The
interaction of these two secondary flows will make the
heat transfer performance drastically different from those
in a stationary case. Our work focuses on the convective
heat transfer in a rotating helical pipe and the results
shown in the paper will be confined to the case of P = 0.7.

5.1. Temperature distribution from the perturbation
solutions

Fig. 3 presents the distributions of different order
solutions of temperature. In the temperature contours,
solid, dotted and dot-dash lines indicate positive, zero,
and negative values respectively. Eq. (10b) indicates that
the torsion has no effect on 7ix and as is seen in Fig.
3(a), the distributions of 7« is symmetrical to the center
line. For the co-rotation (F =1) and stationary case
(F=0), Tix has a positive value in the semicircle near
the outer wall and a negative value near the inner bend,
obviously, the maximum temperature is pushed to outer
bend. When F = —1.2, a negative value region appears
in the outer half while a positive value region appears
near the inner wall. And the maximum of 7}k becomes

(6.176, 0.000)

(6.2445, 0.000)
F=1 F=0

small, so the effect of Tix on temperature becomes
weakest. As F decreases to —2, the distribution of 7ix
behaves almost in the same structure as those in the case
of F =0, but a reverse way.

The torsion affects the distribution of 75«2, as seen in
Fig. 3(b). For F =1 and 0, the contours of Toi? are
highly asymmetrical with a negative value in the bottom
region and a positive value in the upper region. These
distributions will shift the maximums of the temperature
to the upper half. But for the counter-rotation F = —2,
the contour of 7bx* behaves the reverse way and when
F = —1.2, the effect of Tox2 on T can almost be ne-
glected. By combining Ty, Tix and Toi2, Fig. 3(c) shows
the variations of typical temperature distribution with F.
As F decreases from 1 to —2, the maximum of temper-
ature shifts form the upper-outer half to the lower-inner
half and it seems to rotate clockwise.

5.2. Temperature distribution from the numerical proce-
dure

Fig. 4 shows the variations of temperature distribu-
tions with F for a large Dn number. In this case, the effect
of centrifugal force on the temperature distribution be-
comes more evident and the temperature distribution is
not similar to concentric circles. For the co-rotation
(F = 1), the high temperature is pushed to the outer wall.

(0.291, -0.291)

(6.281, 0.000)

(6.271, 0.000)
F=-12 F=-2

Fig. 3. Temperature distribution of Tix, Tk? and T (Dn =15, k=005, t=0.1, I' = (maximum, minimum); (a) Tk, (b) Ty,

(© T, T =Ty + Tk + D).
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T,

max —

28.29465

63.31618
F=-12

58.7425
F=—11

53.09631 36.31359
F=-14 F=-2

Fig. 4. Variations of temperature distributions with F (Dn = 250, k = 0.1, 7 = 0.1).

For the counter-rotation (F < 0), the opposite Coriolis
force will dominate the temperature distribution gradu-
ally as F decreases from 0 to —2. When F = -2, the
temperature distribution dominated by the reversal Co-
riolis force can be recognized. Fig. 4 also indicates that
for a large Dn number, Only when the Corioslis force
almost has the same magnitude with the centrifugal force
but in the opposite direction (F ~ —1), the effect of
torsion on temperature is remarkable.

Fig. 5 shows the variations of 7j,,x with F. The figure
indicates that when F ~ —1.2, Ty, reaches its maximum
values for different values of Dn, which means the
maximum temperature difference between flow and wall
becomes largest in this point. These phenomena can be
well understood if we realise that when F ~ —1.2, the

70

60

50

max 40

30

20

10 1 L

Fig. 5. Variations of 7., with F for different values of Dn
(k=0.1,7=0.1).

secondary flows caused by the centrifugal and Coriolis
forces almost counteract with each other and the mixing
by secondary flow becomes weakest. For a given F, the
larger Dn number, the larger Tax.-

Most of the existing studies on curved rotating pipe
are almost on the small curvature and torsion, such as
Ishigaki [15,16] and Zhang and Zhang [24]. In engi-
neering applications, a large curvature is often encoun-
tered and it is important and interesting to study the
effects of curvature on the flow. Fig. 6 provides the
variations of the maximum temperature difference 7.«
with x for different values of F. As k increases, the
secondary flow is intensified by the centrifugal force and
the temperature difference is reduced because of the re-
markable mixing by secondary flow. Fig. 7 shows the

100

80

60

20

0 04 0.8 1.2 1.4
K

Fig. 6. Variations of T, with x for different values of F
(Dn =250, t = 0).



4906

35

Fig. 7. Variations of Ty, with 7 for different values of F
(Dn =250, k =0.1).

variations of Tp., with 7. The effect of torsion on Tjax-
curves changes with F. For F =0 and 1, T, first de-

15
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creases and then increases with increasing torsion while
for F = —2, T increases with increasing torsion all
along. When F = —1.2, increasing torsion almost has no
effect on Tpax.

5.3. Nusselt number

The non-dimensional peripheral Nusselt is defined as

2 [/oT
25 )
0.5

where Ty is the bulk temperature, 7, = |,
drd(?/f(?'5 Oznwrdrd().

The variations of Nu along the wall circumference are
shown by polar diagrams in Fig. 8. As k increases, the
distribution of Nu is distorted gradually and the Nu-
curves seems to be pushed to the inner bend and the
outer bend at the same time. When x =1.5, for

Nu =

2
On Twr x

F =—1.2 and -2, two Nu maximum appears. As 7 in-
creases, the Nu-curve rotates clockwise for F =1 and
—2. But for F = —1.2, increasing t has little influence on
90°
20

. » <10
g 180"

15

.25
360

F=1

(b)
F=-12
Fig. 8. Nusselt number distributions along the wall. (a) Dn = 250, T = 0 and (b) Dn = 100, k = 0.1.

F=-2
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Nu distribution. Considering Nu is proportional to the
temperature jumped from wall, all the above variations
can be explained by the distributions of the temperature
distribution.

By integrating Eq. (11) along the peripheral of pipe,
the expression of average Nusselt number for the small
parameter can also be obtained as

— 1 [™2/ar
NM—Z/O i<a>r:ld9

- ((%é_ﬁ@@_ﬁéy
23040 A aPr — 88411;36 2 442239680 G'Pr
~ coca 02 Tz O
fMGS) + %G)/Tb (12)

Fig. 9 shows the variation of Nu/Nu, with F. In the
Fig. 9(a), the perturbation results agree well with the

Numerical solutions ]

© 000 Perturbation solutions

26

14

1 " " 1 " " " M
-2 -1 0 1
(b) F

Fig. 9. Variation of Nusselt number ratio with F ((a) x = 0.05,
1=0.1, (b) k =0.1, t = 0.1).

numerical results when Dn =10 and 15. But for
Dn = 20, the difference between perturbation results and

6
F
1: 5
Sk 2 3 1/
3 5
4 20
4 5: 3///
IT 6: ;‘/
_u 3 kL 7 &1
Nlas 8:
Nu, 7"
2
I —e
1
0 1 1 1 1
0 100 200 300 400 500

Dn

Fig. 10. Variation of Nusselt number ratio with Dn (x = 0.1,
t=0.1).

2.8

26
Nu
— 24 |
Nu,

22

2 1 1 1

0 0.4 0.8 1.2 1.6

(a) K

2.6

0 04 0.8 1.2 1.6
(b) K

Fig. 11. Variation of Nusselt number ratio with x (Dn = 250,
t=0).
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the numerical results becomes more obvious as F in-
creases. All of the Nu/Nus-curves reach their minimum
values about 1 when F ~ —1.2, which indicates the
Nusselt number in this point almost has the same value
with straight pipe. When F > —1.2, Nu/Nu, increases as
F increases, when F < —1.2, Nu/Nu, decreases as F in-
creases. The similar variations also can be found for a
large Dn, see in Fig. 9(b). Fig. 10 shows some numerical
results for a wide range of Dn number. For all the value
of F, the Nu/Nu,-curves increase as Dn increases.

The variation of Nu/Nu, with « is shown in Fig. 11.
For the stationary case (F = 0), the Nu/Nu,-curves first
increase with increasing x until at a certain value of k
and then decrease as k increases. For the co-rotation
(F =1, 0.5), the Nu/Nu,-curves decrease as x increases.
However, for the counter-rotation, the variation of
Nu/Nugs-curves depends on F. For F = —1.2, the Nu/
Nu,-curves increase with increasing x while for F = —2
and —3, the Nu/Nu,-curves decrease with increasing «.

Fig. 12 presents the variation of Nu/Nu, with . For
the co-rotation cases (F = 1, 0.5), Nu/Nu, slightly in-
creases with increasing t and reach its maximum values

2
138
— 1.6 |
Nu
Nu
14+
12 F
1
0 1
(a)
1.8
16 |
— 14 }
Nu
Nu
Y12 |
F=-12
1L
08 1 1 1 1
0 0.2 0.4 0.6 0.8 1
(b) T

Fig. 12. Variation of Nusselt number ratio with t (Dn =
100, = 0.1).

at T &~ 0.5, then it decreases obviously as 7 increases. For
the counter-rotation, all of the Nu/Nus-curves almost
decrease as t decreases. Fig. 12 also indicates that when
F ~ —1.2, increasing t has little effect on Nu/Nu, and
Nu/Nu, almost keeps constant all the way with increas-
ing 1.

6. Conclusions

The convective heat transfer in the rotating helical
pipes with arbitrary curvature and torsion are investi-
gated by perturbation and finite volume methods. The
coupled effects of rotation, curvature, and torsion on the
convective heat transfer in the rotating helical pipes are
first examined in details. The major conclusions are
drawn as follows:

The effect of torsion on the temperature distributions
occurs only in the second-order solution. For counter-
rotation, increasing curvature can divide the high region
into two regions. Whether the high temperature is near
the inner bend or the outer bend depends on the value of
F. Increasing curvature and torsion will also affect the
convective heat transfer in rotating helical pipes signifi-
cantly. Only there are effects of the curvature or the
rotation on the temperature distribution, the effects of
torsion can be recognized.

The distribution of Nu along the wall is dependent on
the distribution of temperature. The Nusselt number
ratio increases for co-rotation with F increasing, but for
counter-rotation, first decreases and reaches its mini-
mum about 1 at F =~ —1. Whether increasing 7 or x in-
creases the heat transfer ratio or decreases it depends on
the value of F.
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